A two-dimensional Monte Carlo-diffusion model is described to model the growth of biofilms of Escherichia coli on different substrates. The model takes into account the diffusion rate of the nutrient solution that covers the biofilm and allows for the bacteria to grow with differing aspect ratios. Parameters are introduced to describe the relative growth and deposition rates and the amount of curvature of the bacteria over the surface. Limiting cases arise when the diffusion is slow, so that growth near existing bacteria is reduced, and when diffusion is fast, so that the available nutrient is uniformly distributed over the surface. The results are compared with experimental light microscopy and scanning force microscopy images of E. coli grown on a variety of different substrates. The parameters in the model are adjusted to show the different growth patterns that can form at different times and coverages.
Introduction
Biofilms are composed of populations of micro-organisms adhering to surfaces in which sufficient moisture is available. They are present in living organisms (both plants and animals) as well as environmental surfaces such as rocks. Considerable use of microbial biofilms has been made in areas such as bioremediation, wastewater treatment or oil recovery. They can also be a hazard, for example, in patients in which artificial implants have been introduced. It is a common experience that patients with indwelling implants are subject to frequent and persistent bouts of infection which are mostly due to the accumulation of mixed biofilms on the artificial surfaces. Initially, it was thought that biofilms consisted of bacteria randomly distributed within a uniform oozy matrix. However, with new imaging tools such as sophisticated light microscopes or scanning force microscopy (SFM), which allows the viewing of hydrated living biofilms, it was found that biofilm structures take a wide variety of forms depending on their age and growth conditions.
One such bacterium, Escherichia coli (E. coli), when grown on different surfaces is observed to exhibit complex growth patterns. Problems involving patterns have been of great interest to scientists, and mathematical models addressing pattern formation have been developed over the years [1] [2] [3] [4] [5] . Particular interest in biofilms has been investigated in [6] , where a model describes the hydrodynamic processes that account for the attraction of the bacteria to the surface and the physico-chemical properties which establish the binding disposition of the bacteria. However, the growth of the bacteria also relies on the availability of nutrients in the solution, which in turn depends on the diffusion process. This has been the subject of a number of different studies and different models have been successfully presented to simulate the uptake of the nutrients, metabolism, maintenance, cell division and growth of bacteria for biofilm formation [7] [8] [9] [10] [11] [12] [13] . For most of these cases a cellular approach was adopted. A Monte Carlo simulation that models only the growth process of E. coli was developed in [12, 13] . In this model, the surface on which the bacteria grow was a twodimensional hexagonal grid and one bacteria was equivalent to having two adjacent cells in the lattice occupied, equivalent to a fixed bacterium size of 2 µm × 1 µm. In addition, the earlier work considered a growth process that was independent of the availability of nutrient.
We propose an extension of our initial model [12, 13] in three principal ways. First, although the surface on which the bacteria grow is again chosen as a two-dimensional grid, in this case a square grid is chosen, which gives two additional discretized directions of growth for the bacteria as compared to the hexagonal lattice. Second, in agreement with the experimental observations, the bacteria are assumed to grow to larger aspect ratios than 2 × 1. Third, the concentration of nutrient over the surface is assumed to vary with time depending on how much has been consumed by the bacteria.
The model represents the bacteria in the biofilm as discrete entities of different aspect ratios, namely 2 × 1, 3 × 1, 4 × 1 and 5 × 1. By aspect ratio 3 × 1, we mean that one bacteria is equivalent to having three adjacent cells in the lattice occupied, and the analogous definitions hold for the other ratios.
A two-dimensional diffusion equation for the nutrient concentration and a Monte Carlo model for the adherence, growth and propagation of the bacteria on the surface is proposed to model the biofilm formation by E. coli on different substrates. The bacteria are assumed to grow in discrete jumps after consuming a fixed amount of nutrient. The aim behind this work is to analyse the effect each of the parameters of the Monte Carlo model has in producing different patterns, and in particular to examine the effect of diffusion on the growth. The results from the simulation model are compared with light microscopy and SFM images of E. coli grown on various different surfaces. The paper shows, for the first time, a variety of experimental growth patterns which are substrate dependent, and gives a model which reproduces with reasonable accuracy the shapes of the biofilms grown on these different substrates. This is achieved by including a realistic description of the bacteria shapes, the nutrient availability and the way in which bacteria absorb food and reproduce.
Experimental methods and observations
Growth of biofilms differs from conventional thin-film growth because the specimens have a special shape and size, they are much larger than individual atoms or molecules and move only slowly, or not at all, over the substrate surface compared to the diffusion of atoms on substrates. In addition, the bacteria grow either in the nutrient solution or on the substrate when they have stuck to it. If they have reached a certain size cell division occurs, thus forming chains, clusters and networks on the substrate.
Biofilm growth is achieved by placing the substrates on a substrate holder in a water solution that contains nutrients and a certain amount of bacteria. The bioreactor is a box with a volume of up to 500 ml. A standard nutrient solution, containing mainly C, N and PO 4 in the ratio 100:5:1, was placed in the bioreactor and injected with 10 8 E. coli ml −1 . The mixture was left at a temperature of 37
• C for up to 7 days. The substrates were taken out of the solution after various times in order to study the development of the biofilm. The films were grown on two different types of substrates: electrically conducting metals and insulating polymers. The metals were aluminium, titanium and stainless steel. The polymer foils used in the investigation were chosen to be polyetheretherketone (PEEK), polycarbonate (PC) and polyvinylchloride (PVC). These are commercial polymer foils of about 150 µm thickness. In order to be certain that neither the substrate nor the bioreactor contained living specimens before the experiment, the metal substrates were heated up to 120
• C. A lower temperature of 70
• C was used for the polymers, which are more heat sensitive than the metals. The biofilms were investigated by light microscopy and SFM [13] . Light microscopy enables the growth patterns to be visualized over a length scale of a few hundred micrometres. In contrast, SFM can be used for higher magnification to image individual bacteria and the structure of clusters that have a linear dimension of less than 12 µm in the case of our device. Not all obtained growth patterns of the investigated biofilms are shown here. In figures 1 and 2, a selection of images is presented that is representative of the wide variety of patterns observed.
In figure 1(a) , the initial stages of E. coli growth on titanium are shown. The pattern depicts mainly isolated bacteria and a few small groups. This suggests that in the initial stages the bacteria do not grow readily on the surface, but form by deposition and subsequent adherence from the nutrient solution. Figure 1(b) shows the pattern on the same substrate, but at a later time, when the surface is more covered. In this case also individual bacteria can be seen, but large areas of the surface are covered with distinct clusters. There is no evidence of network structures or long chains of bacteria as previously observed on aluminium and stainless steel [13] . This suggests that the bacterial colonies grow more easily on the surface after the initial stages of deposition. The patterns that appear on polymers are different from those on titanium. Figure 1 (c) shows large clumps of E. coli grown on PEEK which are separated by areas that do not contain bacteria. The clumps are linked together by rope-like networks of bacteria. A similar structure on the PC substrate is shown in figure 1(d) , except that there are fewer distinct clumps and the rope-like networks are more pronounced. Figure 2 reveals details of the internal cluster structure formed by individual E. coli. In figure 2 (a) a separate cluster is visible and in figure 2(b) two adjacent clusters of bacteria are shown. The main feature is that the bacteria in the clusters grow mainly parallel to themselves (figures 2(a)-(c) ). This is clearly visible in the two clusters shown in figure 2(b) . The axes of the bacteria in these two clusters are not in the same direction, indicating that there is no preferred orientation provided by the substrate. Changes from a straight growth direction also appear. In figure 2(a) two E. coli meet at an angle of about 60
• ; whereas in figures 2(b) and 2(d), 90
• , or larger, connection angles can be seen. The bottom right cluster in figure 2(d) shows a group of bacteria whose axes change direction slightly. Other cluster patterns with parallel lying bacteria, branch points and changes in alignment are presented in figure 2(c). In figure 2(e) the structure of a rope-like link is shown in more detail. In fact, the rope-like structure is three-dimensional.
The observed size of the bacteria in figure 2 varies from approximately 2 to 5 µm in length and 0.5 to 0.9 µm in width. These measurements were used to fix the aspect ratios in the simulation model described below.
Simulation model

Monte Carlo model
Monte Carlo models [14] are widely used in simulations in physics and biology and here a two-dimensional Monte Carlo model for growth of the micro-organisms on a flat substrate [13] is applied to include the different aspect ratios of the bacteria. The model is based on experimental observations regarding the specific features for biofilm growth highlighted in section 2 and [12, 13] . The substrate surface upon which the bacteria are deposited and grow is modelled by a regular grid of square cells. The bacteria are assumed to occupy connected cells of this lattice. The widths of the bacteria are always assumed to be one cell. In the simplest case an E. coli bacterium is represented by two occupied adjacent cells (2 × 1 aspect ratio). In previous work [13] an offset square (hexagonal) grid was used, which gave six discrete directions in which the bacteria could lie. In this case, figure 3(a) shows that there are now eight discrete directions: along the diagonals of the square as well as horizontal and vertical. In the simulations carried out here a grid of size 100 × 100 was used, with periodic boundary conditions for the bacteria along the edges. Three-dimensional growth is not considered.
The growth of the biofilm occurs in two ways. First, bacteria can be deposited from the nutrient solution and bacteria which cover the substrates; secondly, when such bacteria have been deposited, they can absorb nutrient and grow on the substrates themselves. The deposition of an E. coli is simulated by first randomly selecting an unfilled cell in the lattice, the next cell for the deposited E. coli is obtained from a randomly-generated direction. For a 2 × 1 bacterium, the position of the next cell is given by (x 1 ± 1, y 1 ± 1) and for a 3 × 1 bacterium the positions of the next two cells are given by two adjacent connected cells, with a bias towards a linear array of cells, in agreement with the experimentally observed shapes. For larger aspect ratios the same bias towards linear shapes is assumed as for the 3 × 1 case.
The growth of an existing bacterium on the surface takes place when it reaches the trigger for division. This occurs when the absorbed nutrient is so great that the mass of the bacterium increases beyond a critical level, defined later. In the context of the model, division means the addition of a new bacterium on a surface adjacent to an existing bacterium of the same size, so that the dynamic growth of a bacterium is not considered in the model. However, the way in which the division takes place is dependent on the substrate. At the end of each bacterium, various growth directions are possible. For a single cell there are eight possible growth directions, as shown in figure 3(a). For other aspect ratios there are many more possibilities. Consider, for example, a bacterium of aspect ratio 4 × 1. As observed under the microscope, a rod-shaped bacterium such as E. coli elongates with little or no increase in its width when growing. Finally, when the cell reaches twice its length, it separates into two cells of nearly equal length. It is thus natural to model the division of a bacterium by considering the outgrowth from the ends of the bacterium.
There are several ways in which the bacterium can divide (figure 3(b), table 1) at either of its ends, of which only one-quarter of the possibilities (due to symmetry) are shown. Starting from the cell M, shown in figure 3(b), division can occur by linking three adjacent cells. There could be a straight elongation along MNOP or the substrate morphology and composition could cause the growing E. coli to curve, an extreme example of which would be a 90
• change of direction. In the simulations carried out here we do not consider such a large change in direction. The largest change allowed in our model is growth in the direction MJGC. In the model, direct orthogonal growth (MIEA) is excluded because it would not be expected that bacteria could curve through such a large angle when expanding at its end. The area into which Table 1 . Growth codes corresponding to figure 3(b), the direction description and relative probabilities of end division in the upper right quadrant for a 4 × 1 bacterium. The relative probabilities are given as functions of the parameter C, which influences the amount of curvature during division of the new bacterium. In the table, str denotes straight, par denotes parallel, dia denotes diagonal and ort denotes orthogonal growths. Furthermore, 0 C 1.
Division Direction Relative code description probabilities
the E. coli can grow in the 4 × 4 matrix is marked by the bold line in figure 3 (b). A summary of the allowed sites together with their assumed probabilities of occurrence is given in table 1. In this table, the probabilities were assigned in such a way as to favour straight rather than curved division. The growth shape of these bacteria is characterized by the parameter C. When C = 0, all directions are equally probable. When C = 1, there is no probability for growth in the direction MJGC. Growth of straight chains is thus favoured in the case when C is close to one. For all non-zero values of C the highest relative probability for growth is in the straight direction. The smallest division probability for non-zero C is a combination of diagonal followed by orthogonal growth (MJGC). The growth direction MJKL has the same probability as MNOL, because these shapes are geometrically similar. This is also true, but with a different coefficient, for the directions MNKG and MJGH. Thus C is a parameter that represents the curvature of an E. coli chain. The curvature is dependent on the exact choice of the coefficients of C in the relative probabilities column of table 1. A different choice of these coefficients would also result in a change in the curvature of the chains. The values for these relative probabilities are chosen to depend on a quadratic function of C so that as C increases from zero the chances of curved growth decrease faster than linear. The actual direction growth probability is obtained from the relative probabilities by dividing them by the quantity S, which is the sum of all the distinct relative probabilities.
These relative probabilities change with the aspect ratio of the bacteria. For example, for a 2 × 1 bacterium only two direction changes are possible, that is straight and diagonal, whereas the orthogonal expansion is excluded. In the case of bacterial growth with aspect ratio 3 × 1 and 5 × 1, different direction codes with the corresponding relative probabilities have to be considered, which are not given here in detail. New relative probabilities, apart from the seven discrete ones given in table 1, are not introduced; however, the relative growth direction probabilities are adapted to comparable shapes of the growing bacteria.
A bacterium might spread across the surface in other ways. If a full expansion at the ends of the bacterium becomes impossible, due to occupied sites or unavailability of nutrients, then the bacterium may reproduce into other available cells. The bacterium might also divide by expanding simultaneously in the directions of both of its ends, as opposed to the case considered above where only one direction is chosen. An E. coli bacterium might split, with growth occurring in both parts of the divided organism. This case is shown in figure 4(a) , which shows the possible division points for a 4 × 1 aspect ratio bacterium. 
depicts the various cells that are possibilities for occupation after division and growth into the upper half-space. In this model it is assumed that the split bacterium grows at each end to become the same length as the original bacterium. In the case where the bacterium splits in the ratio 1:3, we consider only two expansion probabilities for the larger part of the divided specimen and five for division of the smaller part, as described in table 2. Again, orthogonal division is mainly excluded. Similar considerations can be made when the bacterium divides into equal parts. The relative probabilities for the growth directions are weighted as before with the same value of C, corresponding to the growing shape with straight division weighted more favourably than curved division. The expansion of an existing E. coli with an aspect ratio of 4 × 1 may also occur by 'parallel' division rather than by splitting. Indeed, the experimental results of figure 2 show that this can be a common feature. Figure 5 shows the cell into which an existing E. coli might expand by occupying the lateral adjacent cells. Four possibilities exist when the new bacterium has its axis exactly aligned with the existing one, so that the new bacterium may be shifted slightly in the direction parallel to its main axis. These are all weighted with equal probabilities. In the other cases, the new bacterium has at least its first half parallel to the axis of the existing bacterium before deviation. All other theoretical cases of expansion where at least the first half of the growing specimen is not parallel to the original one are excluded. The probabilities for all the various division opportunities are given in table 3. In addition to the four ideally parallel division directions, nine different cases, including parallel division and growth with curvature, are distinguished using the same set of relative discrete probabilities with the parameter C as in the other cases discussed above.
Diffusion model
The diffusion model describes properties including nutrient uptake and the diffusion of nutrients. It is assumed that a bacterium increases its mass by absorbing nutrient and then when its mass reaches a critical value (twice its initial mass M 0 ), it splits into two bacteria of the same area and aspect ratio, but half the critical mass. The equation governing the increase in mass M i of bacterium i is given by
Here the parameter α is the rate of consumption of nutrient, u is the nutrient concentration surrounding the bacterium located at r i at a certain time t, A is the surface area of the bacterium and ρ is the density (mass/unit area) of the nutrient. Thus nutrient is absorbed at a rate proportional to the amount available and the surface area of the bacterium. A two-dimensional diffusion equation is used to calculate the variation of the nutrient over the surface with time. The nutrient concentration u is therefore governed by the equation
Here D c is the diffusion coefficient of the nutrient over the surface and the δ functions on the right-hand side of the equation represent the removal of nutrient from the solution by the ith bacterium according to equation (1). 
The surface on which the bacteria grow in the Monte Carlo model is represented by a rectangular plate 0 < x < X, 0 < y < Y . The region is covered with a uniform rectangular grid with a spacing x in the x direction and y in the y direction, where x = X/J x , y = Y/J y , where J x and J y are integers. Each bacterium is represented by an appropriate number of adjacent cells on a square lattice depending on its length. The width of the bacterium is always assumed to be one cell.
The diffusion of the nutrient is modelled with the two-dimensional diffusion equation (2), with initial condition u(r, 0) = 1.0 and periodic boundary conditions. Both the Monte Carlo and diffusion models are simulated on the same discretized uniform rectangular grid.
The nutrient concentration is solved over the same rectangular domain in the (x-y) plane as for the Monte Carlo model. The numerical solution is obtained using the simplest explicit finite-difference scheme, involving five points at time t = n t, where t is the time step, n is an integer and the stability condition
is fulfilled [15] . Once a cell is occupied by a bacterium, an amount of nutrient equivalent to αu(r i , t)Aρ t is consumed in the time interval t.
The algorithm for the simulation of the coupled Monte Carlo-diffusion system may be summarized as follows.
At the start of each time step n, we have the position r i , the initial mass M i and the direction of division of bacterium i on the surface, the nutrient concentration field u(r i , n t) and the cells which are either occupied or unoccupied. At this stage during the simulation process, the following events occur. 5) The algorithm is repeated until the stopping criterion is reached. This is usually a given surface coverage or a fixed simulation time.
The free parameters in this process are the deposition rate R d , the diffusion coefficient D c and the consumption rate R c = αAρ. In the simulation results that follow Aρ is assumed to be unity so R c = α and the effect of varying these parameters on the growth patterns and the concentration distribution of the nutrient will be investigated.
Simulation results
In this section we investigate the effects of the parameters in the model on the surface growth patterns, nutrient distribution and surface coverage. To do this, changes in the parameters in the Monte Carlo model are investigated separately from those in the diffusion model. These parameters mainly describe the topological structure of the biofilm appearance. The mass M 0 is taken to be M 0 = 0.95 for a bacterium of aspect ratio 2 × 1, M 0 = 1.9 for one of aspect ratio 4 × 1, and the respective changes in the values of M 0 are made for the bacteria of aspect ratios 3 × 1 and 5 × 1. These masses were chosen for numerical convenience only and are not, at this stage, related to any 'real' mass values. This is also true for the choice of the precise numerical values for all the parameters in the model. t was kept as 0.001 throughout all the simulation processes, x = y = 1, such that the stability criterion for the discretized diffusion equation is satisfied. A finer grid gave no significant differences in the growth patterns and concentration distributions.
Effects of the parameter C and the aspect ratio in the Monte Carlo model
In this section, a fixed value for the diffusion constant D c = 10 is assumed and a low deposition rate R d = 0.02 is taken, so that the changes in the patterns formed reflect the effect of the parameters of the Monte Carlo model. The growth rate is taken as R c = 0.012 so that the bacterium would divide after a total time of t = 40, assuming a complete supply of nutrient (u = 1).
The effect of changing the curvature parameter C are investigated. Figure 6 shows the effect of varying C on a simulation pattern with 30% coverage and a bacterium of aspect ratio 4 × 1. Figure 6 (a) is a simulation for C = 0. The surface exhibits a relatively dense coverage in the occupied regions, i.e. a cluster structure is favoured. In figure 6(b) , where C = 1, longer straight chains are formed and there is more evidence of a network structure on the surface with a more homogeneous distribution of bacteria than in figure 6(a) .
The main point of our considerations was the effect of the aspect ratio of the bacterium with respect to the pattern formation. The aspect ratio is an important parameter in the model and distinguishes the biofilm growth from Monte Carlo simulations of thin inorganic films [16] . With a parameter C = 0.5 the division direction probabilities are weighted with a balance intermediate between the extreme cases shown in figure 6 . Four cases of different aspect ratios for the bacteria are given in figure 7 . A homogeneous distribution of the biofilm pattern appears for the smallest aspect ratio chosen, that is 2 × 1, whereas network structures are formed with empty cells surrounded by straight chains for the case of an aspect ratio of 5 × 1. The geometrical structures that can be seen have some distinguishing features. There are few bacteria visible that exhibit large curvature. The patterns exhibit clusters, which are more predominant at the lower aspect ratios. Because of the smaller aspect ratio, the 2 × 1 case shows fewer straight chains as adjoining bacteria can join together to form curled structures. Networks seem to be more clearly distinguishable with the 4 × 1 aspect ratio.
Effect of the parameters in the diffusion-consumption model on biofilm pattern formation
Time dependence of the patterns.
Typically, in the growth process the concentration of nutrient and the associated density of biological cells vary with time. This implies that at different times one should expect different growth rates across the surface, and this was investigated. As mentioned in [12] , it is observed that the bacteria E. coli change shape as colonies form, initially appearing rod like when there is more space for the bacterium to grow. The biofilm starts with an initial deposition from the solution onto the surface at t = 0, at time t = 50 a few isolated bacteria can be seen ( figure 8(a) ). These develop over time into straight chains and curved long-chain networks (figures 8(b)-(f), at times t = 100, 200, 300, 400 and 500 respectively), which eventually spread out over the whole surface. At the beginning of the process, the free availability of nutrient in close vicinity to existing bacteria means that the bacteria can easily spread. Provided that D c is not too large, as time increases the nutrient concentration around large clusters of bacteria will be less compared to that around smaller clusters. Thus growth will more readily occur around the smaller clusters. 
Effect of varying the diffusion coefficient.
The way the nutrient is distributed over the surface with time is not only affected by the growth mechanism but also by the diffusion rate. Here we investigate how D c influences the propagation of the biofilm over the surface. For an initial concentration u = 1, the growth patterns and the nutrient concentration was observed for the same coverage (30%) of the 2 × 1 bacteria. The other parameter values were chosen as C = 0.0 and R c = 0.12, and a value of R d = 1 corresponding to deposition of one bacterium from the solution to the surface occuring every integer value of t. The resulting patterns are shown in figures 9(a)-(c) , which represent the effect of increasing the diffusion coefficient. Figures 9(d)-(f) are the nutrient concentration profiles over the surface corresponding to the patterns exhibited by figures 9(a)-(c) . The patterns obtained show an increase in the clump arrangement when the rate of diffusion of the nutrient over the surface is increased, D c = 50 (figure 9(c)) compared to a more open branch-like structure when D c = 0.001 ( figure 9(a) ). This can be explained by the fact that an increase in D c results in an increase in the arrival of nutrient to existing small clumps and hence favouring growth around the existing colony. Figures 9(d)-9(f) show the nutrient concentration profiles after 30% coverage of the surface for the different values of D c of 0.001, 1 and 50, respectively. As can be observed in figure 9(d) , the slow diffusion process yields distinctive regions with a high nutrient concentration and very low concentrations at points where the bacteria are deposited on the surface. The concentration profile is very similar to the growth pattern in figure 9 (a). In figure 9 (e) (D c = 1), we can observe a more uniform distribution of the nutrient over the surface, without the sharp contrast as observed in figure 9(d). As for figure 9(f), the very high value of D c = 50 makes the diffusion so fast that an almost homogeneous nutrient concentration prevails over the whole surface. In the case where diffusion is slow, figure 9(a) , the surface takes 50% longer to grow compared to the faster diffusion of 9(b) and 9(c) for the same coverage of 30%. Figure 10 (a) represents the pattern obtained when the rate of consumption of nutrient is low, R c = 0.012. The slow intake of the nutrient results in less growth and more deposition from the nutrient solution onto the surface. However, as seen in figure 10(b) , a tenfold increase in the consumption rate encourages the growth process over the deposition process, and it can be observed that there are more grouped colonies of bacteria as compared to individual bacterium over the substrate. In this case diffusion is not sufficiently weak to limit the growth of clumps of bacteria.
The effect of nutrient consumption rate
Comparison with experimental results
Light microscopy images (figures 1(a)-(d) ) give an overview of the typical patterns formed by the bacteria on different surfaces at different stages of growth. Parameters can be chosen so that the simulation results of the Monte Carlo-diffusion model closely represent the experimental observations. All of the different substrates were placed in the same bioreactor, thus it is feasible to keep the diffusion coefficient D c fixed. For the sake of argument, we take D c = 10. SFM images also verify the assumption that the bacteria are roughly of one aspect ratio, which was close to 4 × 1, and this aspect ratio was chosen for all cases henceforth. The change of Here the deposition rate is high, with R d = 1, because titanium has a high attraction for the E. coli in the nutrient solution covering the substrate. In figure 11 (a) different seed points on the substrate are visible. Figure 11 (b) corresponds to a time that is a factor of seven longer than in figure 7(a) , corresponding to the experimental conditions of figures 1(a) and (b). Figure 11 (b) shows a homogeneous distribution of bacteria with more deposition from the nutrient than division of existing clusters on the surface. The clusters are smaller in size than those shown, for example, in figure 11(c). Although the clumps seen in figure 1(c) for growth on PEEK are three-dimensional ropelike structures, the pattern is fairly well portrayed in two dimensions by figure 11(c) , which is the simulation result with the parameter values C = 0.0 and a smaller deposition rate, R d = 0.1. The choice of these parameters favours the formation of the clump-like structures. The surface coverage in this case was 20%. The figure shows denser clump-like structures with some uncovered regions of the surface. Figure 1(d) depicts the formation of a thick network structure with a tendency towards parallel division on a PC surface. A simulation result which matches the rope-like structure of these patterns and the bare surface between the ropes is described by figure 11(d) . This network structure can be seen even better when the simulation area is chosen to be larger, but this requires considerably more computational time to implement.
Discussion and conclusion
We have described in this paper a simulation model based on a coupled Monte Carlodiffusion system for studying the formation of films of E. coli on various surfaces. The results illustrate the capability to investigate several factors which characterize the nutrient, the surface properties of the substrate and the properties of the bacteria.
The diffusion coefficient D c would be expected to be a property of the nutrient solution only. The diffusion process is an important effect within the model and the experiment. Low diffusion limits the division of clusters on the surface and results in a slower overall growth of the films. In practise, the growth rate of the biofilms can be increased by stimulating the motion of nutrient over the surface, for example by shaking the substrate or causing a flow of nutrient over the substrate. The parameter R c , which determines the consumption rate, is dependent on the interaction between the nutrient and the bacteria, but it could also be partially substrate dependent if the bacteria reproduce more quickly on favourable substrates. The parameters D c and R c allow a more detailed description of the growth process than considered in the previous models, where growth was assumed to occur randomly and independent of the spatial distribution of the bacteria and nutrient on the surface.
The parameter R d , for the deposition and sticking of the bacteria, is mainly dependent on the interaction of the bacteria with the surface. Clearly, the parameter C is also related to the interaction of the bacteria with the substrate. It describes the way in which the bacteria divide and spread locally over the surface and is the key factor that determines the overall pattern shapes such as whether clumps, networks or linear chains grow. For larger aspect ratios C attains increasing importance as the number of division possibilities increases. Thus C is a general parameter of the model applied for end division, parallel division and side branch division of the bacteria.
The aspect ratio is a property of the bacteria and more difficult to categorize. E. coli do have a certain aspect ratio but there is some limited experimental evidence to suggest that the size of the bacteria also depends on the substrate upon which they grow.
One aspect of the Monte Carlo simulation that was not investigated here was the ratio between parallel division and end division. The SFM experimental results show that on certain surfaces the initial growth of bacteria is in small clusters, suggesting that parallel division is favoured over end division. We intend to investigate this more thoroughly in the future by varying the parallel division to end division probabilities. In the current model end division is always preferred where it is possible.
The complex growth patterns that occur on the different substrates can be elucidated by this relatively simple Monte Carlo-diffusion model. The comparison with the experimental results reflects the main features of the biofilm structure and morphology and can also provide important quantitative information if accurate values of the aspect ratio and the Monte Carlo parameters such as R d and the division direction function, which depends on C, as well as the diffusion model parameters D c and R c are known. Simulation snapshots at different time steps can then be related to real times and coverages observed experimentally.
